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AbIInct-An appro~mate solution is provided for an internally cracked plate, loaded biaxially at infinity,
where the material exhibits a wholly non-linear constitutive relation. The solution may be applied to
plasticity problems where the applied stress is substantially above the limit of proportionality. or to
statio!\MY creep problems through the elastic analogy. The analysis leads to an upper bound on the value of
J or i, the path-independent line integral which is well-known in the field of fracture mechanics. Results are
provided for a material following a simple n-power stress-strain or stress-strain-rate law and these are
compared with another theoretical solution and experimental results taken from the literature.

INTRODUCTION
The underlying rationale of sharp-crack fracture mechanics is that various fracture phenomena
which occur in real structures can be usefully described in terms of continuum mechanics
models of idealised cracked bodies, The models should reflect the important features of the real
situation such as the shape and size of the body including the crack, the loading, and the
constitutive relation of the material. The importance of these and other features is usually
established by a combination of experiment and experience, This paper is concerned with the
modelling of wholly non-linear constitutive behaviour.

The first cracked body solutions in the literature were given for linear elastic materials.
Later, solutions were provided which modelled yielding behaviour in a crack tip plastic zone
where the material follows a non-linear law. A solution for a special shape of perfectly-plastic
yield zone was provided by Dugdale[l) and results based on this model were given by Hayes
and Williams [2] for finite plates loaded up to a stage where the plastic zone occupies the
uncracked ligament completely. Detailed descriptions of the near-crack-tip stress distributions
in work-hardening materials were given by Rice and Rosengren[3] and Hutchinson [4, 5).

In most solutions, the bulk of the body, situated between the plastic zone boundaries and
the loaded surfaces, was assumed to remain in the linear elastic regime. In this paper, all of the
material is assumed to be non-linear, the cracked body is in the form of a two-dimensional plate,
loaded equibiaxially at infinity and the crack is non-propagating. In the analysis the material is
deemed to be elastic, that is the work done by applied forces is a single valued function of the
initial and final states of deformation and alternative plane strain and plane stress assumptions
are followed through.

This model should be applicable in two main areas of fracture research. Firstly, to bodies
made of conventionallinear/elastic-plastic/work hardening materials where the loading is raised
to gross stress levels above the limit of proportionality; secondly, to creeping materials which
typically show a wholly non-linear stress-strain-rate constitutive behaviour. For the time
independent application it is envisaged that the strains due to non-linear response will be at all
points in the body much larger than any linear elastic strains and the classical elasticity
assumption restricts application to monotonically increasing loading and a deformation theory
of plasticity. In the creep case the application will be to steady loading examples and any initial
stress redistribution will not be described.

CHARACTERISATION OF CRACKING PROCESSES IN NON-LINEAR MATERIALS

The path-independent integral, designated J, [6] provides an appropriate characterisation for
a material which is non-linear, at least in the crack-tip region. Whether J provides a unique
description sufficient to form an adequate fracture criterion in all circumstances, is still worthy
of examination, particularly in the case of stable crack growth. However, for the present
purposes, these arguments may be set on one side and two analytical aspects of the J-integral
noted-firstlY, it anchors certain important features of the mechanical state at the crack-tip to
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the work input at the loaded boundaries (regardless of the constitutive relation of the
intervening material) and secondly, J can be determined approximately by analyses which need
not be exact in the near-crack-tip region.

The analysis of cracked bodies made of creeping materials is facilitated by the "elastic
analogy". In this analogy, a solution for a material having a given instantaneous or quasi-static
stress-strain law can be transferred to solve the same configuration of problem where the
loading is steady and the material is creeping according to a stress-strain-rate law which is
mathematically identical to the prototype stress-strain law. The stresses are the same in both
materials (for identical loading) and the strains and displacements in the instantaneous solution
transform to strain and displacement rates in the creep case. If we consider a load-specified
elastic analysis for a crack problem where J can be defined as the change in complementary
energy due to a vitural increase in crack surface area (see, e.g. Begley and Landes (8]), a solution
for such a problem will also give j for the corresponding load-specified creep problem. <i can
therefore be defined as the change in complementary power due to a virtual increase in crack
surface area.)

It should not be readily assumed that j has necessarily any significance as a criterion for
crack propagation or crack tip damage in creeping materials; rather it provides an analytical
measure which allows estimates to be made of stress and accumulated strain and displacement
in a creeping body at a non-propagating crack tip. The formulation of the integral is also
sufficiently general to accomodate a material which is non-linear everywhere. These features of j
were pointed out by Gildfind[9] and by Goldman and Hutchinson[10]. Nikbin et al.[11l also
showed that recognition of the non-linear aspect in j calculations gave improved charac
terisation of creep-propagation experimental results.

Crack-tip-opening-displacement rates in creep may also be directly related to j through a
creep analogue of the strip-yielding crack tip model. If the yield strength (also interpretable as
the stress required to give infinite creep rate) is designated O'y then the displacement rate 8 is
given by

(1)

<The material surrounding the strip yielding zone need not be linear provided that j is correctly
determined.)

Alternatively, it may be assumed that the restraining stress in the strip zone is related
non-linearly at each point to the opening displacement rate of the zone. If the displacement rate
at a given point in the strip zone is given by 8(x) and the strain normal to the crack plane in the
region of tbe zone is deemed to be distributed uniformly over a gauge lengtb g (which may be
related to plate thickness), then for a non-linear law in the strip zone of the type

i/Eo =(u10'0)"

where Eo and 0'0 are suitably chosen constants, it can be shown that

whence

. (n + J)"'''+IEor~'''~1 .8= -- J"'''+In 0'0 ,,+ •

(2q

(3)

(Clearly, removal of the dots will give the relationship for a non-linear work-hardening strip
zone.)

BACKGROUND TO THE "DEAD-ZONE" ANALYTICAL MODEL

In an early attack on the problem of fracture mechanics application in the creep regime,
Gildfind [9] carried out steady-load tests on cracked bodies made of thick lead-alloy plate. The
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cracks were non-propagating. It was hoped that an experImental study of the crack-tip
opening-displacement behaviour would assist understanding of the applicability of various
analytical models available at that time. One important finding of the test series was that the
stress/displacement-rate data could not be fitted to creep analogues of any of the elastic models
available (e.g. the Dugdale Model); the reason being that the material did not exhibit a linear
viscous element at low stresses, analogous to the linear elastic behaviour assumed for the bulk
of the cracked body in time-independent solutions. It was clear therefore that the charac
terisation of creeping cracked bodies would require an appropriate non-linear analysis.

At that stage, desperate measures seemed justified, and recourse was made to a rudimentary
treatment of the problem designated the "dead-zone model". This model is sometimes used in
elementary text books where the authors wish to give a qualitative understanding of the Griffith
concept for linear materials, while avoiding the complexities of a rigorous crack-tip stress
analysis [13-15).

The model assumes that the stress state in a cracked body can be crudely described as in
Fig. 1, in terms of a uniform uniaxial stress wverywhere in the body except in zone"sheltered"
by the crack.

In this "dead" zone, the stress is supposed to be zero. The change in complementary energy
or strain energy associated with the introducation of the crack is therefore given by

_ 0:2

W =-2E x(area of dead zone) (4)

where E is Young's Modulus.
Of course, any shape of size of dead zone could be assumed, but it is clear that if the

desired answer for a linear material is known in advance via more rigorous treatment, the area
can be chosen to suit. Thus, for example, one might hypothesise an elliptical dead-zone shape
with a major axis normal to the crack of 40. Hence

and

dW
G=d(2a) =tr1ToIE. (5)

Zero Stress

F"IJ. I. Dead zone model.
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(It should be noted that a reduction of complementary energy is implied by this treatment,
whereas consideration of the load/displacement curves in a constant load compliance test
would indicate an increase in energy.)

Using a non-linear constitutive law is hardly more difficult, except that one has to distinguish
strain energy and complementary energy. Also, sadly, there is no convenient exact solution to
guide the choice of dead zone area. For uniaxial loading and material which follows eqn (2),
specific complementary energy = (lIn +I). (Eoluo")' 0'"+1. Retaining the elliptical dead zone
shape, it was established that

G I EO -+1=-- --0''' 1Ta.
n +10'0"

(6)

This model appeared to be dimensionally plausible and at least reflected the non-linearity of
the material. As G determined in this way is equivalent to J, non-linear displacements or
displacement-rates at the crack tip could be determined by path-independence, in the same way
as the plastic zone in the linear case could be anchored to the small-scale yielding or Dugdale
Model determination of J. Gildfind's major effort thereafter was directed towards testing the
functional relationship, eqn (6), and its prediction of experimental crack-opening-displacements.
This was carried out using work-hardening materials, loaded to gross stresses which cor
responded to the limit of proportionality and upwards, thus simulating an entirely non-linear
material. A dependence on 0'"+1 was indeed established, but the magnitude of the propor
tionality constant in eqn (6) and/or its dependence on "n" or on other factors was not clearly
shown.

AN ENERGY BOUND FOR THE DEAD-ZONE ANALYSIS

The dead-zone analysis may be improved by application of certain energy bound theorems
(see, e.g. (16]). In particular, it can be shown from the principle of minimum complementary
potential that for certain specified conditions the complementary energy associated with an
approximate stress distribution is an upper bound on the true or exact complementary energy,
that is

f W(u*) dv ~ f W(u) dv
yol yol

(7)

where W is complementary energy, (0'*) denotes an approximate stress distribution which
satisfies equilibrium internally and externally with the desired boundary tractions and (0')
denotes the true stress distribution. The problem must be entirely "load specified", that is. there
should be no surfaces on which displacements are specified. The general method of solution is
as follows:

1. Find a variable stress distribution which satisfies the differential equations of equilibrium
internally and which is also in equilibrium with the specified surface tractions at the boundaries
(including any boundaries where the tractions are zero).

2. Calculate the complementary term Iyol W(u*) dv associated with this distribution.
3. Vary the distribution until the minimum complementary energy is found.

The result will be an upper bound on the complementary energy. If the tractions are derived
from a single load action, the structure associated with the optimised stress state will be more
flexible than the real structure. The method can accept awide variety of constitutive relations. Note
also that since any equilibrium stress pattern may be used to form the approximate field, the stress
field from a linear elastic solution could be employed whether or not the material is linear.

The status of the crude dead-zone model can now be defined-the approximate variable stress
distribution in that model does not satisfy the differential equations of equilibrium at the
perimeter of the dead zone. Therefore, although it satisfies the boundary conditions and it
incorporates the correct constitutive relation, it cannot be shown to be a bound of any kind, nor
can the shape of the dead zone be optimised. Specialising the energy procedure to cracked
bodies, two further steps need to be added:

4. Subtract the complementary energy in an uncracked body of the same dimensions
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loaded to the same boundary tractions and the energy associated with insertion of the crack is
obtained.

5. Differentiate the remaining energy term with respect to crack length and J is obtained.
However, it should be noted that the variational procedure as stated in Steps 1-5 will not in
general ensure an upper bound on J. Differential energy quantities cannot normally be bounded,
as there is no indication of how close to the exact state the optimised stress distribution is.
Hence if the optimisation procedure is applied to two bodies which are slightly different in
some way, say, e.g. the crack lengths are different, it is impossible to be certain which of the
two energies is closer to its respective true state. It therefore cannot be determined whether the
difference between the two energies in the approximate case is greater or less than true
difference. Therefore if an upper bound on J is required, a further restriction on the
minimisation procedure must be accepted, namely, that the crack length must be held constant
during the energy minimisation. This in tum suggests that the approximate stress distribution
should be set up in such a way that the crack length and the parameters which are to be varied
are separate in the formulation, for example,

u* =feu, a, A)

where Ais a variable parameter independent of a. Note also that in Step 4, the energy subtracted
must be the exact energy in the uncracked body (or less).

We proceed by considering the Iinear-elastic stress distribution produced by a symmetrical
cut-out which is matched to the crack length as shown in Fig. 2. The material within the hatched
border is still present, but as there are no normal or shear tractions on the perimeter of the dead
zone, there will be no stresses within it and therefore no complementary energy contribution. The
model differs from the crude analysis, however, in that the stresses outside and on the dead-zone
border satisfy the differential'equations of equilibrium. Of course this distribution may bear only a
passing resemblance to the real situation, but that circumstance does not prevent one from using it
to form a valid upper bound.

The stress distribution may be altered by varying the shape and size of the dead-zone border.
However by anchoring the zone to the ends of the crack, the necessary condition that the variable
elements should be independent of crack length, is established.

FORMULATION OF THE SPECIFIC COMPLEMENTARY ENERGY

First, an "equivalent" or "effective" stress

and a corresponding quantity "effective strain"

i =~2[(EI - E2)2 +(E2 - E)2 +(E) - EI)2]1/2

(8)

(9)

Cut-Out of Variable I - .......- .....~

Shape -
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rll. 2. Improved dead zone model.
SS Val. 17. No. I~



98 T. G. F. GRAY

are defined. where it is assumed that the strains combine to preserve constant volume
(V =~). In the creep case. "effective strain rate" can be defined in identical fashion by placing
dots above all strain terms. Also the relation

(10)

is assumed where EO and 0'0 are corresponding values chosen at an arbitrary point on a
stress-strain curve produced by a uniaxial test.

For steady state creep. the relationship (10) is realistic for many materials. although other
relationships have been shown to be equally satisfactory. Finnie and Heller[17] also show that the
relationship between principal stresses and strains (or strain rates) for such materials will be given
by

(l1a)

(lIb)

(11c)

allowing formulation of the specific complementary energy functions through the simultaneous
integral

(12)

Equations (10)-(12) can be simplified by making the assumption of plane stress (0'3 =0) or plane
strain (E2 =0).

To proceed further. a relationship between 0'1 and (12 must be established. In the present
dead-zone model. the assumed stress distribution automatically determines that at each point in
the material the principal stresses are in a fixed ratio and in any case "proportional" loading is
commonly assumed[18]. (Note that the necessary conditions for proportional loading are not
satisfied for the strip yielding model where the crack surface tractions do not increase in
proportion to the externally applied load.) Inserting the condition (1d0'2 = constant therefore.

(13)

where

(14a)

(14b)

AN APPROXIMATE STRESS FIELD

Following an initial unsuccessful attempt using an edge-notch solution due to Stevenson[191.
the elliptical hole solution of Inglis[20] was used. In terms of the elliptical coordinate system
uned by Inglis (see Fig. 3) and for biaxial loading. the complementary energy is given by

(5)

(the term in square brackets being an alternative formulation of effective stress.)
Here ~o defines the edge of the elliptic hole and consequently the shape of the dead zone.
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Fig. 3. Coord system for eqns (lSHI7) and (27).
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i.e. ratio of minor to major axis. 'max is an arbitrary outer limit which gives a nearly circular
boundary and "h" is a magnification factor required to transform the size of the element. The
formulation of h and suitable stress functions for the terms in eqn (15) can be derived from (21)
viz.

and for example

U~ +U'I = u2 sinh 29'(cosh 2, - cos 211).

(16)

(17)

It can be seen from these two equations that the applied stress u and the "crack" length "a"
can be extracted from the terms inside the integration sign and therefore the integral depends
only on '0 and 'max'

This derivation of the complementary energy in a plate with an elliptical hole differs from that of
Griffith [22] in that the specific complementary energy term is integrated throughout the volume
whereas Griffith integrated the work done by boundary tractions. However the result for linear
elastic material is identical (within the accuracy of numerical integration procedures). Varying eo to
produce minimum energy showed that for a linear-elastic material the minimum was found with a
vanishingly narrow ellipse (fo~O) as expected, and led to the result

G=~E (18)

as given by Griffith in his 1921 paper. Of course this result is wrong; it merely repeats the error
made by Griffith which was corrected later in 1924[23J. The basis of the modification which
Griffith used to alter the boundary tractions and thereby produce the "correct" 1924 result was
never published and as a consequence several authors discussed the error and others drew
mistaken conclusions from the earlier incorrect solution. A clear exposition of the mistake and
a possible correction route was given by Spencer[24].

The error arises in essence because the stresses in the Inglis solution at a large but not yet
infinite distance from the hole edge differ from the required boundary traction by a small
amount. Although the difference seems infinitesimal. the "error energy" is integrated over a
large circuit. It should be noted that there is in fact no error in the determination of energy
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using this method. The problem only arises at Step 4 defined earlier where the change in energy
due to introduction of the crack is found by subtracting the energy in a finite uncracked plate of
the same dimensions loaded to the same boundary conditions. As this uncracked plate will
exhibit a different boundary condition to the finite part of the infinite cracked plate, the
subtraction is invalid.

The correction procedure adopted by Spencer and Sih and Liebowitz [24, 25] was to find
additional stress functions which described a stress distribution in equilibrium with the
difference between the stress given by Inglis' solution at a given large but finite radius and the
desired boundary traction. The stresses derived from this correction term could then be added
to the Inglis terms to give the required complete solution. The required correction terms for an
arbitrary elliptical hole in a finite plate subject to a biaxial stress are given in the Appendix.
(The formulation has been transformed from the polar coordinates of[25] which are useful only
at the large outer boundary, to elliptical coordinates which can be readily applied throughout
the body.)

Even this stress correction is incomplete, as there remains a small stress of order (alR)2
normal to the elliptical hole boundary (where R is the large radius outer boundary). This error
did not affect Spencer's result because the work integration was carried out on a circuit around
the outer boundary where the displacements were negligibly influenced by the discrepancy.
However it was considered possible that such an error might be more significant in non-linear
energy calculations where the corrections are raised to the power (n + 1). Therefore to secure
confidence that the final result would be a true upper bound, eqns (27) and (28) were applied a
second time to neutralise the edge-of-hole error. (The resulting error in the outer boundary
would then be (aIR)4.) As a final check, the composite stress distribution produced by these
superpositions was evaluated for a finite plate of outside radius 75 times the larger dimension of
the cut-out, which was varied between a sharp crack and a circular hole. The boundary traction
errors (inner and outer) were always less than order (aIR)4 and similar accuracies were proved
throughout the field for the circular hole case by comparison with the classical Lame equations.

RESULTS FOR NON LINEAR MATERIALS

To apply the method to non-linear materials, a specific value of n was chosen and the
composite stress field was fed into the numerical integration procedure used to evaluate eqn
(15)

. d [J - 1. - ]J = - W(u*) dv - W(u) dv
da cracked plate uncracked plate •

(19)

The boundary eo was varied until a minimum energy was obtained. emax was also varied with
cut-out shape to secure an approximately constant outer radius of 75 times the half-crack
length. (As the external boundary shape changes slightly with cut-out shape, emu was altered to
give a constant area of uncracked plate.)

To check the integration accuracy, "energy release rates" for a 1/1000 elliptical hole and a
circular hole under plane strain and plane stress conditions were compared with Griffith's 1924
result for a sharp crack and with an analytical integration of the Lame distribution for a circular
hole. The results all checked to less than 0.1%. The procedure was then repeated for several
values of n between 0.1 and 14 corresponding to different materials.

It should be noted that from eqn (15) it would be a relatively simple matter to run the
program for different constitutive laws as long as the specific complementary energy under
biaxial loading can be cast in the form W(u) =/(0'). This condition may be satisfied for some
double-power creep laws, for example, and for time-hardening laws.

In the plane stress case, the shape of the optimised dead zone changed monotonically with n
from a vanishingly flat ellipse as n -+0 to a circular zone as n tended to infinity. In the plane
strain case, a flat elliptical zone was found for all values below n =1.8 and above this value the
shape tended towards the previous circular limit.

Finally, the energy associated with an uncracked uniformly loaded plate of the same area
was subtracted and j was found from the relationship eqn (19).

The results can be expressed in a number of ways. In Fig. 4, j is non-dimensionalised for
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time-dependent non-linear material in the form

(20)

this being a form which reduces to u21ra/E when n=1 and uo"/eo:::; E. Note also that in the
plane strain case the factor (1- v2) is included in t!J(n), where v =!.

The cross-over of the plane-strain and plane-stress results seemed anomalous, although
some of the initial drop in the plane strain results is accounted for by the plane-strain factor
(V3/2)"·1 (see eqns 13 and 14). Numerous checks using different external radii and integration
routines were made and no numerical errors were revealed.

Alternatively, the crack-opening-displacement rate (or crack-opening displacement for time
independent material) may be related to the results by combining eqns (3) and (20), viz.

(21)

This equation is based on a model where the near-crack-tip plastic strain is concentrated in a
strip. The closing forces in this strip are related to the separations by the same non-linear law as
assumed for the bulk of the material. The strip zone is therefore embedded in a field of
non-linear material which extends to the loaded boundary.

If in the time-independent plasticity case, the material exhibits a "yield" strength at high
stresses (stress to give infinite strain rate), then provided that the yielded zone is small in
comparison with the crack length, eqns (I) and (20) combine to give

~ .1.( ~ 1 2 ".1
(1=." n~-( +I)u 1rQ.

0'0 O'y n
(22)

This model assumes that the deviation of the stresses in the "yield" zone from the non-linear
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elastic stresses, is too small to affect the value of J as given by the energy bound ap
proximation.

COMPARISON WITH OTHER DATA

A comparison with the non-linear finite-element data of Goldman and Hutchinson is
included in Fig. 4. As their results were given for finite-width plates, the data for the smallest
ratio of internal crack length to plate width 0/8) were semi-empirically corrected to represent an
infinite plate, by dividing the results by the usual Iinear-elastic width correction raised to the
power (n + 1).

However in comparing the finite element data with the upper-bound, it should be noted that
the former describes uniaxial loading of the plate whereas the latter is for biaxial loading and
therefore a close relationship may not be obtained.

Although there is no barrier in principle to the formulation of an approximate stress field for
uniaxial loading based on Inglis equations and Sih's correction stress function, the equations
become extremely lengthy and require to be cast in complex form. Trials of the shorter biaxial
formulation in complex form showed that the computer time increased enormously due to the
complex arithmetic and therefore the uniaxial solution has not been attempted so far.

Nevertheless, it can be shown from Inglis equations that a greater volume of material at a
crack tip reaches a given if under uniaxial plane strain than under biaxial plane strain [26].
Hence it may be argued that the uniaxial plane strain results should indeed fall above the exact
biaxial plane strain results.

Comparison has also been made in Fig. 5 with Gildfind's experimental results obtained on
double-edge cracked plates. The test specimens were thin enough to be suffering plane stress
and the loading was uniaxial. The constitutive relation was varied from 3> n > 11 by altering
the material and/or the prior heat treatment of the specimens. J was inferred from crack
tip-opening-displacement measurements through a relation similar to eqn (3) which also
incorporated a semi-empirical geometric correction factor. For the present comparison, the
original geometric correction was removed, and alternative corrections substituted. The first has
been referred to earlier and for the second, Goldman and Hutchinson's results were used with
the further addition of a factor to increase the correction from the internal crack case to the
edge crack geometry. The comparison is shown in Fig. 4 where the upward pointing symbols

.(n)
100 ,...--,.......,r--.,.-.,.-,....,'"T"':".,'TTI'"'~

+(n)· 04IP.IFln.~)

lead 2

101-----

R

..:.A~Vr-- l.ad I

f1
EJ

....A...,__ brass3

Fig. S. Comparison with Gildfinds results.
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(e.g. A) refer to the first form of correction and the inverted symbols (l:J) refer to Goldman
and Hutchinson's correction.

It is quite clear from this comparison that the multiplying factor increases substantially with
n, although the fair agreement in Fig. S must be treated as somewhat fortuitous. It should also
be emphasised that it is never as simple as it seems to fit material behaviour measurements to
simple constitutive laws and therefore the scatter from one material to another is hardly surprising.
The constitutive law constants and the experimental values shown, were themselves means of
several tests.

NON-LINEAR EQUIVALENT OF THE PLASTIC-ZONE-SIZE CORRECTION FACTOR

One of the most likely reasons for divergence between theory and experiment shown in Fig.
S is that the details of the constitutive relations exhibited by the materials are probably
inadequately described in the analysis. In most materials which follow an n-power law for part
of their loading curve, a point will usually be reached at high stresses where the strains or the
strain rates tend to infinity (n ~QO). For example, in some polymers the creep index increases
with stress and a fixed n-power law can only be ascribed to a limited range of applied stress.

It might be more realistic for such cases to visualise a perfectly-plastic crack-tip zone where
the stress is uniform, namely, a specified "yield" value O'y, the plastic zone being embedded in a
non-linear field. (This model applies equally to non-linear plasticity or to creep, as perfect
plasticity and infinite creep rate cannot be distingushed.) Alternatively the crack tip zone could
be modelled in terms of a higher n-power dependence than the main body of the material.
These models are shown in Fig. 6.

The rigorous solution of such models appears difficult-for example, the classical Dugdale
Model route would be frustrated by the absence of point-force factors for non-linear bodies and
by the invalidity of the superposition principle. However, the approximate plastic zone size
treatment of Irwin[27] is no less logical when applied to non-linear materials. Therefore taking
the near-crack-tip stress distribution normal to the crack plane as given by Hutchinson[S], we
obtain

[
J J1/1"+1) 1

0', = a(n) Eo/O'o" (2 'lTr) 1/"+1

(where a is a function of a tabulated by Hutchinson) setting 0', =O'y,

" "

,n.....
~--",

~ n'

(23)

(24)

w ~

Fig. 6. Crack-tip-zone adjustments for two-stage non-linear materials.



104 T. G. F. GRAY

or in terms of the present upper bound approximation

oc
ft

+
1

(U)ft+1
ry = 2 ( / ft)4>(n, a/W) - '1Ta.'1T Eo Uo Uy

(25)

Alternatively, for the "non-linear" plastic zone model of Fig. 6(b), an equivalent yield stress can
be found by comparing eqns (1) and (3) whence

~ (ft'-ll/ft' (n' + t )ft'/(ft'+I)[ E 2 ]1/(ft'+I)_ 0 • __ ,/,,( L:Q.... __ • (ft+I)/(ft'+I)
Uy - (Eo'g)l/(ft'+I) n' 'I' nJu7 (n +1) '1Ta U • (26)

Insertion of eqn (25) into (24) allows the determination of a notional plastic zone size which
can be added to the real crack length. This method of evaluation ry could also be used to index
triaxial state by comparison with plate thickness. It is however questionable to what extent
gross plasticity or creep is compatible with the maintenance of plane strain, especially if crack-tip
blunting occurs.

It is clear from eqn (25) that the intervention of perfect plasticity has a marked effect as ry is
proportional to t/J which in turn increases sharply with n. However there is an offsetting effect
relative to the linear-elastic experience in that the dependence on uluy reduces as n increases.
This circumstance arises because the difference between the perfectly-plastic crack tip stress
pattern and the non-linear distribution is less than for the linear elastic case. Therefore the
relaxation of high crack-tip stresses disturbs the overall stress pattern less.

SUMMARY AND CONCLUSION

Plane strain and plane stress upper bound analyses have been given for a classical Griffith
crack in a body made of entirely non-linear plastic or creeping material. The analyses can be
changed with little trouble to describe constitutive laws other than the single n-power law used
in the present study. Values of J or j have been given 0.1 < n< 14.

Comparison with other relevant data has been made, and although there are some areas of
doubt, particularly with regard to finite-width effects, the general form of the upper bound
results seem correct. The results may be considered significant and applicable in the folIowing
respects:

1. If the nominal stress applied to the cracked body is sufficient to produce a gross strain
field which is dominated by a high n-power monotonic or creep law, J or j will be greatly
underestimated by linear theory.

2. The functional dependence of J is dominated by the n-dependent factor 4>, and by the
applied stress which is raised to the power (n +1), rather than by the crack length.

3. The analysis permits the estimation of approximate plastic zone sizes which may be
useful for establishing crack length adjustments and for indexing triaxial states.

4. Substantial differences have been shown between plane strain and plane stress values of
J. Unlike the linear elastic case, the in-plane transverse components of stress have a strong
influence on the crack tip stress state.
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APPENDIX
Defining stresses at a point in elliptical coordinates as the differences between the stresses given by the Inglis solution

and the solution for a uniform radial boundary traction of (I at a large outer boundary t.. as 6(1", 6(1ft 6,.w

tJ.u +11(1 = u2cosh2 {gel +tanh (of[I1+ m2
) 3mlcosh 2t cos 21'/ +I)]

~ f (cosh 2f....+cos 2,,) 2 (cosh 2f....+cos 2"

• A +2' 2cosh2 {q(1 +tanh (of[2 3m(cosh 2f cos 2" + I)] ( +..)
..u~- (If ',.w=u( h2~ + 2) m- ( h2~ + 2) X COS81 151081cos ~_. cos " cos 'i_I cos "

where

I-tanhto
m=l+tanhfo

(28)

cos 81 =cosh 2{ cos 21'/ -I.
cosh2f-cos2" '

{..... =outer boundary, where (If =(I. (R .. cosh (.....)

. sinh 2{ sin 21'/
510 81 =cosh 2e - cos 2"


